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duction ,

der a light bulb. It has a certain life time X, which is a random
ble with probability distribution function F. After having burned
rs, there remains a residual life time, with a distribution function

fined by

1 - Ft(x) =P {X-t > x | X > t},

esidual life time is a random variable Xt which is defined on the
tional probability space {X > t}.
If X has an exponential distribution F(x) = 1—e_AX, then so has

ndeed

1= F (x) =P {X>x+t | X > t} = =——m— = "%,

wellknown that this characterizes the exponential distribution:
F_for all t > O implies that F A

0 0
In this paper we shall be concerned with the limit behaviour of

(x) = 1=~ for some A > 0.

esidual life time for t - «: For which distribution functions F

there exist a norming function a(t) such that Xt/a(t) converges
stribution to a random variable with non-degenerate distribution

ion G?; What are the possible limit distributions G? (section 2);

are their domains of attraction? (section 3). In section 4 we prove
emarkable fact that in this situation weak convergence is equivalent
e convergence of some positive moment.

One of the reasons for publishing these investigations is that they

a probabilistic interpretation of the fundamental properties of

arly varying functions.

Although the label "residual life time" gives clear intuitive

ng to the random variables Xt»associated with the distribution functions
fined above,the field of applications of this theory in probability
y is much wider. In many cases one is not so much interested in all

s of a random variable X as in extremely large values (for instance

e study of heat-waves or storms). One restricts one's attention to
ubset {X > t} i.e. to the set of large values of X and in fact one is

ing the limit behaviour of the probability distributions Ft defined
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1_ex for x > 0,

itive constant. The domains of attraction
ctions are exactly the domains of attracti
[(2]) 1limit distributions ¢, and A of the p
random variables.
" as norming functions for Xt both a scale
b(t), then it is possible to obtain limit
) which are discrete. This remarkable resu
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ted the problem of limit distributions for
hope to publish the theory in the general
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na 1
mn-degenerate distribution function G has a non-empty domain of
t. attraction if and only if G(x) < 1 for all x and there exists

>sitive function A such that
1-G(y+x A(y)) = (1-G(x)) (1-G(y))
all positive continuity points x and y of G.

T
2) holds and G(x) < 1 for all positive x, then G € Dr(G) and hence
1s a non-empty domain of r.l.t. attraction.
Conversely suppose for some distribution dunction F and for some
.tive function a we have
lim Ft(a(t)x) = lim TR (D)

1> 1>

= 1-G(x)

all positive continuity points x of G. Then t+xa(t) > « for all
. x. Replacing t by t+ya(t) in (3) (where y is some positive

;inuity point of G) we get

Lim 1-F(t+ya(t) + xa(t+y a(t)))
t>o 1-F(t+y a(t))

= 1-G(x).

1ig (3) this reduces to

lim 1-F(t+y a(t) + x a(t+y a(t)))
troo 1-F(t)

= (1-G(x)) (1-G(y)).

we use a device similar to that of the well-known Khinchine-Gneder
1a (see e.g. [1] p. 246). We shall prove that a(t+y a(t))/a(t) has
mit A(y) for all positive continuity points y of G as t -+ =.

ose for some y there is no limit. Then there exist tweo sequences

> o gnd t -+ » guch that
. 2,n




b

.0 <A, <A, < = Because the function a in (3) is defined up to

1
.symptotic equivalence, from (3) it follows

a(t.  +ya(t. _))

i,n i,n
-F(t. + + 2 > )
1 F(tl,n (y + x a(ti n) a(tl,n))
lim 2 =1-G( y+xA; )
n->o 1-F(t. )
i,n

i = 1, 2 and hence by (4)
16y + ;) = 10y + xay) = (1-6(x)) (1-6(y)).

’his is true for all positive continuity points x of G, we must

y 0 < A1 = A2 < ®, S0 (2) is true and

a(t +y a(t))
a(t)

lim
t>0

= A(y)

W1ly we prove G(x) < 1 for all x.

we have G(x.) = 1 and G(x) < 1 for x < x_.

jose for some positive X, 0 0

1 (2) gives

for all 0 < X,y < x

0 0
Y * X, Aly) z % for all 0 <y < x,
hence A(y) = 1 - x51y. By (5) we have
1ip et *ryalt) ,_¥
oo a(t) %

: for y a continuity point of G from (0,x

4

O) and t1 such that for

1-F(t + v a(t))
1-F(t)

< 1-G(Y/2).
lefine the sequence {tn} by

=St tY a(tn) for n = 1,2,... .
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ly this sequence is strictly increasing. Suppose tn tends to some

2 limit K for n > «, then

1lim

- lim 1-F(%
1u“(tn +y a(tn)) B n+1) 1
1-F(t ) T 1lim 1-F(t )
n > n

n—>o

a1tradiction with (6). Hence tn + o for n > «, Further we have

The1 ~ By _ 8‘(tn) a‘(tn-1 Ty a(tn—1)) pa
t. -t . alt_ .) a(t_ ) oy forn
n n-1 n-1 n-1 0
dlence for n Z 1,
N
- < - -
t g -ty < (1 2Xo)(tn t )
y repeated application
n—no+1
t -t < (1 - ) (t. -1t ).
n+1 n 2xo N no-1
g these inequations for n = Dyseees N we obtain
g n-ng+1
-t < (t -t (1 = =) <
N+1 n, n, n0-1) = 2xo
© n—no+1
< (t. -t ) Y (1 -5 < w
- 'n n. -1 & _ 2x
0 0 n=n 0
0
contradicts tN + o for N - «», By contradicton we now have proved

< 1 for all x. O

am 1

istribution functions with non-empty domain of r.l.t. attraction

f the following types:

0 for x < O
:a(x) = Y
1 - (1+x) for x > 0
» > 0, or
0 for x < 0
m(x) =

e for x




se G has a non-empty domain of r.l.t.-attraction
we prove G(0) = 0 and G(x) > O for x > 0. By le
e easily see G(0) = 0. Suppose for some x > 0 we
from (2) it follows that G(y) = G(y+xA(y)) for a
s y > 0 and this is impossible.

Next we write (2) in the following form
G(y+xA(y)) - G(y) = &(x)(1-G(y)).

mma 1 we have G(y) < 1, hence the righthand side

ositive continuity points x and y. Thus G(y) is

or all positive y.

Interchanging x and y in (2) we obtain

G(y+xA(y)) = G(x+yA(x))

11 positive continuity points x and y of G. Sinc

asing, this gives

v + xA(y) = x + yA(x),

é&&%:l = constant

has the form

¢ is a real number. Substitution in (2) gives

1 = G(xt+y+exy) = (1-G(x))(1-G(y)).
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relation holds for all positive continuity points x and y of G
ance for all positive x and y.
mppose ¢ < 0. This is impossible because now for y > —c_1 the
ind side of (9) is a decreasing function of x.
Suppose ¢ = 0. It is well-known (see e.g. [1] p. 8) that all
ions of (9) are of type I.
Suppose ¢ > 0. Define the distribution function e by

x-1

G(x) = G(—E—J for x > 1.

the transformation u = cx+1 and v = cy+1 we get from (9)

1 - Gluv) = (1-G(u)) (1-G(v))

,v > 1. Again from [1] p. 8 we get that G is of type By for some

ive a. U

ne domain of attraction of Ea

l'o establish necessary and sufficient conditions for the domain

l.t. attraction of Ea we need two lemma's.

2
se {tn} is an increasing sequence of real numbers. If for some

ive y

se € > 0. There exists an n, such that for n > n, we have

0 0

(ey=e)(t -t ) <t =t < (THyre)(t -t ;).
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1g these inequalities for n = Dys +ves N we obtain

(1+y—e)(tN—tnO_1) < typq - tnO < (1+y+e)(tN-tnO_1).

(10) implies that tN + o for N > », Hence

t

T4y -e<a Lty +e

N

since € > 0 is arbitrary, (11) holds. O

2 3
J be a positive non-increasing function on (0,~) and let p be real
>se that for each o > 1 there exists a sequence {tn} diverging to ¢

that

u(t, )
lim sup T ) < a
n>® U(tn-ﬂ

U(t x)
lim ——— = x
n—>oo U(tn)

p

11l x > 1, then U varies regularly at infinity with exponent p, i.:

U(sx) _ _p

1im Uls) -

g—>®

111l x > 0.

-k

lefinition and properties of regularly varying functions see e.g.

]

»se o > 1, Let {tn} be a sequence of real numbers such that tn >

1 > o and

lim sup
n->o
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se n(s) such that

) =2 % Pas)er
1 we have by the monotonicity of U that

(s)+1) U ()e1 ¥ giex) | UEn(g) ¥

<

n(s)) . U(tn(s)+1) —u(s) - U(tnés))
p < li?;nf %—?_}S(—;_ < liI;l_)iuP U{g?:g < ax®.

bitrary this proves (12) for x > 1, which

1 positive x. O

ncetion F with F(x) < 1 for all real x belo
attraction of Eu if and only of 1 - F is r

ty with exponent -o.

(-o)=varying at infinity i.e. for all posi

1-F(tx) _ _-a
1-F(t) ¥ °

holds with a(t) = t and G = i

uppose that for some positive function a(t

1—F(t+xa(t)) =1 - = (x) = (]+X

-0
1-F(t) - a )

om (5) we obtain

a(t+ya(t)) _ Aly) = 14y

Xy > 0. We choose t1 such that
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1-F(t+ya(t)) -0
‘I—F:)(r::) < (1+Y/2) < 1

[ee]
;> t,. We now define the sequence {tn}n=1 by

tn+1 =t + ya(tn) forn=1, 2, ...

First we showvtn + o, Clearly the sequence is strictly increasing.

)>se 1lim t_ = K < «~, then
n

n>o l_ F( )
1-F(ttya(t,)) Lo T e
1lim = — 1
o 1—F(tn) i-lif: 1—F(tn)

ntradiction with (15). Hence t, >« for n > o, From (1%) and (16)

:e that

a1t _ a(tn)

tn—tn_1 a(t

) > 1+y for n » =

lence by lemma 2

lim §+1 = 1+y.
n-o n
(16) this gives
1lim a(tn) =1
.t ]
n->eo n

: (as the function a(t) in (13) is defined up to an asymptotic

ralence)

1im

¢ > 0. Application of lemma 3 to (13) and (17) shows that 1 = F
-a)-varying at infinity. [
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he domain of attraction of II

Again we first state a lemma.

b

distribution function F with F(x) < 1 for all real x belongs to

omain of r.l.t.-attraction of T, then

1-F(t-0) _

100

se F ¢ Dr(H) and (18) does not hold. Then there exist a sequence

with s > « for n > « and a constant 1 < ¢ < « such that

1—F(sn-0)

lim ————— = c.
- 1-F(sn)

 such that 0 <y < log c. Since F ¢ Dr(H), by (3) there exists

such that
1-F(t+ya(t)) -y/2
1-F(t) ¢ <
2ty We define the sequence {tm} by
toer = tn * ya(tm) form=1, 2, ...

le same way as in the proof of theorem 2 we can show that tm ->

1 > ©, We define a subsequence {m(n)} of the positive integers suck

le monotonicity of F we have

1=F(s-0)  1-F(t .y )

1-F(s_) = T=F(ty 1)
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y

) and (20) the righthand member tends to e’ < c and hence (19)

t be true. [

Now we characterize Dr(H) by specifying the auxiliary function a

).

(]

m 3
distribution function F with F(x) < 1 fgr all real x belongs to

omain of r.l.t. attraction of I, then tdF(t) < « and

0
1im 1—F§t;?:§t)) = X
£ -
11 real x with
(1-F(s)ds
a(t) = t
1-F(t)

se F e Dr(H). We define the function U by
U(s) = inf{z|1-F(z)<s} for 0 < s < 1.

all prove

sx)-U(s) _ log x
sy)-U(s) log y

lim Ug for all x,y > 0 (y=1),

sY0 N

by the theorems 2.4.1 and 2.5.1 of [3] we have (21) with (22).

From the definition of U it follows
1 - F(u(s)) <s <1 - F(U(s)-0)

ence by lemma L4

1-F(U(s)) _
S

lim
sYO0
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w

replace t by U(s) in (3), it follows

1-F(U(s)+xa(U(s))) _ X
s

= lim
s¥D

lim

1-F(U(s)+xa
sY0 (u

(u(s))) _
1-F(u(s))

¢ > 0. Hence for positive x and € there exists an s.(x,e) such tha

o!

w

> s4(x,¢€)

X

s_1{1—F(U(s)+(x+€)a(U(s)))} <e T < s_1{1—F(U(s)+(x—€)a(u

ne other hand by (24) we have
s” 1 {1-F(U(se™))} < e < s {1-F(U(se™¥)-0)}.

ining (25) and (26) we get

-x

U(s) + (x-€) a(U(s)) < U(se < U(s) + (x+e) a(u(s)),

w

~*)-u(s)

W)

lim U(sz
s¥0

all positive x. So for all x and y from (0,1) we have (23). As it

asown in the proof of theorem 2.4.1 of [3], this implies the validi-

23) for all positive x and y (y#1). U

rk
ave thus shown that F € Dr(H) if and only if there exist sequences
2al numbers a, > 0 and bn such that
lim F%(a, x+b ) = exp(-e™¥)
n>° n .

all real x. A similar remark can be made concerning the domain of

L. attraction of Ea'




S DI

iquivalence of weak convergence and moment convergence

In this section we state the conditions for the domains of attrac-

in an alternative form using certain moments of the distributions.

2 0.
>se F is a distribution function with F(x) < 1 for all x and o is a
tive constant.

f 1- F varies regurlarly at infinity with exponent -o, then for all

m (0,a) the integral xng(x) converges and
(¢ 0
J y aF(y)
lim = = (T-E/a)_1.

x> x£{1—F(x)}

o

fF for some £ > 0 and ¢ > 1 the integral J xng(x) converges and
0

rm

J year(y)

lim —%?———————— = c,
x> x {1-F(x)}

1 = F varies regularly at infinity with exponent - Ec(c-1)-1.

£

ial integration of the numerator gives

J yEdF(y) J y€"1{1—F(y)}dy
E X . 1.
xP{1=F(x)} xP{1=F(x)}

statement of the lemma now follows from Karamata's theorem for

larly varying functions (see e.g. [3] theorem 1.2.1 and remark

1). 0

rem U

>se X 1s a real-valued random variable with distribution function F
F(x) < 1 for all real x.
i) If F ¢ Dr(:a), i.e. if

lim P{%'> b'e |,X >t} = Ea (x=1)

t>c0
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11 x > en for all 0 < & < a the integral [ yng(
0

E((%-)g | x> t) = J xnga(x—T) = (1-8/a)"

If for £ > 0 the integral f y dF(y) converges an

B3 | x> t) =,

t
FeD, ith a = 5c(c—1)_1.
have (M), i.e.
X-t _
P{a(t) >x | X >t} = I(x)

11 pos x with (by theorem 3)

J {1-F(s)}ds
t

= ey =EX-t | X>t)

)

2
d only x dF(y) converges and

(o]

(5592 | x> ) = J 2al(x) = 2.
0

a(t)

is par . simple consequence of theorem 2 and lemma
" theor nd the theorem 2.5.1 and 2.5.2 of [3] we h
(M) 1 only if

(o]

f (1-F(s))dsdv}
t ‘v

{J (1—F(s))ds}2
t

{1—F(t)}{J

verges

some




integration we obtain

J J (1—F(s))dsdv=%
t ‘v

X X-t |2 _
e s ) <3
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